In this paper the long time behavior of the micropolar fluid equations energy on three dimensional space are studied. We show that (u, w)(·, t) L 2 (R 3 ) → 0 as t → ∞ for Leray-Hopf's global weak solutions in inviscid vortex case. Moreover, when the vortex viscosity are considered, i.e., χ > 0, we obtain a (faster) decay for micro-rotational field:
Introduction
In this work we derive a long-time asymptotic behavior for Leray global weak solutions of incompressible micropolar equations in L 2 (R 3 ), that is, global solutions (u, w) ( 
w t + u · ∇w = γ ∆w + ∇(∇ · w) + χ ∇ × u − 2 χ w,
∇ · u(·, t) = 0,
as t → 0 and such that the strong energy inequality
for a.e t 0 ≥ 0, including t 0 = 0. In (1), µ, γ > 0 are the kinematic and spin viscosities, and χ ≥ 0 is the vortex viscosity, u = u(x, t), w = w(x, t) and P = P (x, t) are the flow velocity, micro-rotational velocity and hydrostatic pressure, respectively, for t > 0 and x ∈ R 3 . As usual, L 2 σ (R 3 ) is the space of solenoidal fields
denotes the homogeneous Sobolev space of order 1, and
denotes the set of mappings from a given interval
weakly continuous at each t ∈ I. By the Leray method to construct weak solutions of problem (1) there always exist some t * ≫ 1 -depending on the solution (u, w) -such that one has for each t
and, for each m ∈ Z + :
In 1966, A.C. Eringen proposed, in his paper entitled Theory of micropolar fluids (see [6] ), a study about the system (1). In the literature, such fluids are called micropolar. Physically, micropolar fluids represent fluids consisting of rigid, randomly oriented (or spherical) particles suspended in a viscous medium, where the deformation of fluid particles is ignored. They can describe many phenomena appearing in a large number of complex fluids such as suspensions, blood motion in animals, and liquid crystals. For more information on these type of fluids, see [14] and the references therein.
There are many results on the existence and uniqueness of solutions for problems related to system 1) (see, for example, [2, 3, 4, 5, 6, 7, 14, 17, 21, 22, 23] ). Specifically, in 1977, G.P. Galdi and S. Rionero [7] showed existence and uniqueness of weak solutions to the initial boundary-value problem for the micropolar system (in this case, Ω ⊂ R 3 is a connected open set that replaces the whole space R 3 in (1) such that the solution vanishes on ∂Ω×[0, T ]). For the same problem, G. Lukaszewicz [15] proved existence and uniqueness of strong solutions in 1989, and, in 1990, established the global existence of weak solutions with sufficiently regular initial data (see [14] ). In 1997, M.A. Rojas-Medar [17] proved the local existence and uniqueness of strong solutions. E.E. Ortega-Torres and M.A. Rojas-Medar in 1999, assuming small initial data, proved the global existence of a strong solution (see [16] ). The results in these last two works were obtained through a spectral Galerkin method. In 2010, J.L. Boldrini, M. Durn and M.A. Rojas-Medar [2] proved existence and uniqueness of strong solutions in L p (Ω), for p > 3.
Notation. As shown above, boldface letters are used for vector quantities, as in
, with the vector counterparts
and, in general,
Definitions (4) are convenient, but not essential. However, some choice for the vector norms has to be made to fix the values of constants. We defined also for simplicity the following norms for a pair (u, w) as usually made in literature:
and more generally, for all m ≥ 1 integer
for all 1 ≤ q ≤ ∞. The constants will be represented by the letters C, c or K. For economy, we will use typically the same symbol to denote constants with different numerical values. In [9] , Kato proved an open problem left by Leray, in 1934. More precisely, he showed that u(·, t) L 2 (R 3 ) → 0 as t → ∞ for Navier-Stokes system. Since then, several works have made considerable progress (see e.g [18] ), even for the magnetohydrodynamics case ( [1] and [8] ). More recently, in [19] , the authors showed that lim
for Navier-Stokes equations using Duhamel's principle and, with this different approach, other decay problems were solved. In this way, we adapted this technique for the micropolar equations (1) and we were able to obtain a faster decay rate for norm L 2 of w, when χ > 0, described below.
Main Theorem. For a Leray solution (u, w)(·, t) of (1) one has
However, it was necessary to prove the follow decay property for derivatives
and this will be made in the subsequent section.
Preliminaries
First, we will obtain the derivatives monotonicity in L 2 (R 3 ), for some t 0 > t * large enough.
This next argument is adapted from [10] . Using (1) and (3), we get
and so
where we have used a Sobolev-Nirenberg-Gagliardo (SNG) inequaltie (see (9)). By (2), we can choose t 0 ≥ t * large enough such that
for all t near t 0 by continuity. Actually, with this choice, it follows from ((6) again) that
Recalling (6), this implies that
for all t ≥ t 0 . Since, by (2), (Du, Dw)(·, t)
Proof. Observe that
In R 3 pointwise values of functions can be estimated in terms of H 2 norms. One has
. These are easily shown by Fourier transform and Parseval's identity (see e.g. [20] , where the optimal versions of (2.1) and their higher dimensional analogues are obtained. By Fourier transform, we also get (for any n):
Combining (10), (11a) and (11b) we get the desired inequality.
Lemma 2. Let u ∈ L r (R n ) and e ν ∆τ the Heat Kernel, then
for all τ > 0 and α (multi-index), 1 ≤ r ≤ 2, n ≥ 1, and m = | α|. (For a proof of (12), see e.g. [11, 13] )
Proof of Main Theorem
First we will prove the result for w. By (8), given ǫ > 0, there exists
2 Because a monotonic function f ∈ C 0 ((a, ∞)) ∩ L 1 ((a, ∞)) has to satisfy f (t) = o(1/t) as t → ∞ (see e.g. [10] , p. 236).
We begin with the inviscid vortex case, i.e., χ = 0. Rewrite equation (1b) as
where
. By Duhamel's Principle, we get
I is the solution of heat equation with initial condition w(·, t 0 ) ∈ L 2 (R 3 ), and so, lim
To estimate the other terms, we use lemma (2) .
Similarly,
That is, if χ = 0, then
Now, suppose that χ > 0. Rewrite equation (1b) as
In this way, we obtain that
Applying Duhamel's Principle, we have
that is,
Multiplying by t 1/2 , applying L 2 norm and Minkowski inequality, we obtain
By (15), we have that
To estimate the other terms, we use again lemma 2.
Finally, 
That is, if χ > 0, then lim
Now, we show that u(·, t) L 2 (R 3 ) → 0 whether χ = 0 or χ > 0. Rewrite equation (1a) as u t = (µ + χ)∆u + Q 2 .
Where Q 2 = χ∇ × w − u · ∇u − ∇p. We can write Q 2 as
where P h denotes the Helmholtz-Leray decomposition. By Duhamel's Principle u(·, t) = e (µ+χ)∆(t−t 0 ) u(·, t 0 ) + Since heat kernel commutes with Helmholtz Projector, applying L 2 norm and Minkowski's inequality, we have 
